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Abstract 

A generalized Toda Lattice equation is considered. The associated linear 
problem (Lax representation) is found. For simple case A = 3 the r-function 
Hirota form is presented that allows to construct an exast solutions of the 
equations of the IDGTL. The corresponding hierarchy and its relations with 
the nonlinear Schrodinger equation and Hersenberg ferromagnetic equation 
are discussed. 



1 Introduction 

The ID Toda lattice (IDTL) 

= e?"-!-?" - e''"-''"+i (1.1) 

is one of most important integrable equations which plays an important role in 
mathematics and physics. In physics, the equations (1.1) describe an interacting N 
particles, each with mass m„ = 1, arranged along a line at positions qi,q2, ...,qN- 
Between each pair of adjacent particles, there is a force whose magnitude depends 
exponentially on the distance between them. The IDTL was discovered by Morikasu 
Toda in 1967 [Ij. Using the computer experiments, in [7] was suggested that the 
IDTL is integrable. In [1], [8], [9] the integrability of the IDTL is proved. Note that 
this equation is a discrete approximation of the KdV equation 

ut + Quuj; + Uxxx = 0- (1-2) 

The aim of this Letter is to construct the some integrable generalization of the 
equation (1.1), that can be linked to both linear and quadratic compatible Poisson- 
brackets for the usual IDTL. 



*The corresponding author. Email: cnlpmyral954@yahoo.com 



1 



2 Background on IDTL 

In this section we present some known fundamental informations for the IDTL and 
fix some notations. Let Pn denotes the momentum of the nth particle. Then the 
total energy of the system is the Hamiltonian 

N N-l 

^ = sE^n + E^""'- (2.1) 
n=l n=l 

So the system (1.1) can be written as 



(2.2) 



Except the original form (1.1), there are exist its the other various equivalent forms. 
Some of them as follows. 

i) 



R - _ (2-3) 



ii) 



L = 2{al - O? ^ 



(2.4) 



iii) 

[D2-4sinh2(i|^))]/„o/„ = 0. (2.5) 

T'rJn -T'n = (2.6) 

and so on. Above D^, are the well known Hirota bilinear operators and r„ is 
so-called r-function which play a key role of the theory of integrable systems. Note 
that a new and initial "physical" (g„,p„) dependent variables are related as 



rv — p9n <?ri + l — 

(2.7) 



ln/„ = (ln/„)« = e'?"-i-''", 
(In = In^. 

There are at least two possible Lax representations for the IDTL, one of order 2x2, 
another one of order NxN (see, e.i. [lOj). The 2x2 Lax pair is defined as 



The associated linear problem is 
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The compatibility condition of these equations 

Kt + KMn - Mn+lLn = (2.10) 

gives the equation (1.1). The equivalent Lax representation is given by the NxN 
Lax pair 

N N 

Ln = J2 Mn = J2 M'X,, (2.11) 

I/=l I/=l 

where [X^, X^] — C^^^Xx- Then the TL equation is obtained from the Lax equation 

L=[L,M]. (2.12) 

There are exist a so-called r-matrix representation for the Poisson brackets {L'^, W} 
between the matrix elements of L. It has the form 

{L®^L} = [r,L®I + I®L\ = [r, Li + L2] (2.13) 



or 



{L L} = [r, L /] - [r^ / L] = [r, Li + L^] , (2.14) 

where 

TV N 

r= Y^rf'-X^^X,, ^ r^'^X^OX,, L^^L^I, L2 = J® L. (2.15) 

Finally we have 

{L ®, L} = (r^'C^^L^ - r^^'C'^xL^)X^ ® X,. (2.16) 
In this notes we use the following form of the r-matrix 

N N 

r^YEii^Eii + 2 J2 Eij^Eji. (2.17) 

i=l i,j=l{i<j) 

3 Generalized TL 

In this paper we deal with the system of nonlinear differential-difference equations 

pk = 2{ak-ibk-i- akbk) + 2uv{Ski- Sk-i), 

a-k = {Pk - Pk+iW + 2v{bk-iSk,o - bk+iSk-i) , 

bk = (Pk - Pk+i)bk + 2u{ak-i5kfi - ak+A-i), (3.1) 

u ^ ip2- P4:)u, 

V = (P2 - P4:)v. 

It transforms to the ordinary TL a,s u — v — since we call it as the generalized TL 
(IDGTL). The system (3.1) is integrable as it can be written in Lax form as (2.11) 
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(3.3) 



There are take place a Lie-Poisson brackets (2.13) between elements of L which are 
given by 



{Pi,ai} 


= Cli, 


{pi+i,ai} 


— —a, 


{Pi,bi} 


= bi 


{Pi+i,bi} 


= -K 


{P-i,u}m 


= u, 


{Pi,u}m 


= —u 


{P-i,v}m 


= V, 


{P1:V}m 


— —V 


{«'-!, «'0}m 


= 2v, 


{6_i,6o}m 


= 2u. 



(3.4) 



All other brackets are zero. We denote this bracket by tti. The functions 



Hi = -trU 



are independent invariants in involution that is 



(3.5) 



(3.6) 
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The expressions for are, for example, 

TT 1 v^Af 2 I \r^N-l 7 , 

^2=2 22k=-NPk + 22k=-(N~l) (^khk + UV, 

Hi = \ Y!k=-NPk + Ef=i[aiMi + + a2^'2 + )P2 + (0262 + 0363)^3+ 

(3.7) 

and so on. The invariant Hi is the only Casimir. The Hamiltonian in this bracket 
is H2 = \ tr L2. 

As for the usual TL in our case we can introduce the quadratic Toda brackets 
which appears in conjunction with isospectral deformations of Jacobi matrices. It is 
a Poisson bracket in which the Hamiltonian vector field generated by Hi is the same 
as the Hamiltonian vector field generated by H2 with respect to the tti bracket. We 
will denote this Poisson bracket by 7^2- The bracket 1^2 is easily defined by taking 
the Lie derivative of tti in the direction of suitable master symmetry. This bracket 
has det L as Casimir and Hi — L is the Hamiltonian. The eigenvalues of L are 
still in involution. Furthermore, 7r2 is compatible with tti. We also have 

'K2dHi = TTidHi^i. (3.8) 

Note that both brackets tti and 7r2 transforms to the corresponding brackets of the 
usual TL for the case u — v — 0. 
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(4.1) 



4 Case N=3 

Let us now we consider in more detail the case N — 3. For this case the correspond- 
ing equations of the IDGTL take the forms 

pi = -2{aj + u'^), 

P2 = 2{al-al), 

Ps = 2{al + u^), 

di = ai{pi - P2) - 2ua2, 

0,2 = a2{p2 - Ps) + '^uai, 

u = (pi - Pz)u. 

This system can be written in Lax form as 

L = [L,M], (4.2) 

where 

(pi ai u\ / ai u\ 

(4.3) 

I2 0/ 

There exists a Lie-Poisson bracket given by the formula 

{Pi+i,ai} = -ai, 

{pi,u} = (4.4) 
{01,02} = 2u. 
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All other brackets are zero. We denote this bracket by tti. The functions 

Hi = ^trU (4.5) 

are independent invariants in involution that is 

{Hi,Hj}^0. 
The expressions for Hi are, for example, 
Hi = Tl=iPk, 

H3 = I ELi pI + ELi Hpi + + «i + "')P2 + (ai + al)ps+ 
{al + a| + u^)p4 + a|p5 + 20203^] 



(4.6) 



and so on. The Hamiltonian in this bracket is H2 — ^ tr L^. The Casimirs of the 
system are 

Ci = Hi=pi+P2+P3, 

C2 = ^-2p2, (4.7) 

Note that 

4.1 The QfcjPfc coordinates 

Let us rewrite the system (4.1) in terms of the coordinates g^, Pk — Qk, k — 1,2,3. 
Then from (4.1) we have 

qi = -2{al + u^), 
q2 = -2{al-al), 
q3 = 2(4 + u^), 
ai = ai{pi - P2) - 2ua2, 
0,2 = 02(^2 -P3) + 2Mai, 

U = P13U. 



(4.8) 



Hence we get 

u^Uo + e''l^ qij = qi- qj, Pij =Pi-pj,, Uq = const{t). (4.9) 



Let 
Then 



ai = e^^^p4, a2 = e'^'^^q^. 



Pi e'^^^pi e^" 



die'i^^p^ P2 e«23^4 I , (4.10) 
,^1^26^" rf2e«23^5 Pa 



6 



and the equations of motion become 



Here 



(4.11) 



qi = -2(0,2 + ^^2)^ 

q2 = -2{al-af), 

q4 = 2e«"-«23+9i2p^ ^ 2e2«i2p4, 

So we see that p4 = 1 6^^2154 7^ 94. Finally we have 

qi = -2(e25i2p2^g2<,i3)^ 

q2 = -2(e252^g2_g2gi2^2)^ 

ga = 2(e2«23g| + e29i3) (4.12) 

94 = 4(pi2P4e'«i^ -g4e'«"), 

or 

g4 = 4(pi2P4e29i2 -Q^e^-'i^), 



C4 = ^494 + ae^'^*^ (4.14) 



4.2 The {PktQk) coordinates 

Let us consider a new representation for the Lax matrix L as 

dieQiP4 P2-P1 e^^Qgl (4.15) 
^did2e'5^+^2 d2e^^Q4 -P2 J 

where {Pi, Qj} — Sij. In this case the equations of motion takes the form 

Pi = Qi, 

P2 = Q2, 

P3 = Q3, 

Qi = ai{pi - P2) - 2ua2, (4.16) 

Q2 = 02(^2 -Ps) + 2?iai, 

Q2 = a2{p2 - Ps) + 2uai, 

u = {Pi-P3)u. 



5 Solutions 

To find solutions we first introduce a new variables as 

1 11 
Ck{t) = Pki^t), dk+i{t) = al{-t), w = u^{-t). (5.1) 
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Then the system (4.1) becomes 

Ci = -{d2 + w), 

C2 = 0^2 - C?3, 

C3 ^ d3 + W 

6,2 = Ci2(i2 - 2aA^, 

4 = C23(i3 + 2Vw(i2, 
w = C13W. 

Note that the GTL equation (4.18) is the isospectral (At = 0) and is the compatibihty 
condition of the foUowing spectral problems 

0n = Cn-l4'n + tr o\ 

dn(t>n+l + Cn-10n + 0n-l = 

where A is a spectral parameter. This means that it has the Lax representation 
Lf = [M, L] , where the Lax pair is defined by 



then we have 

ci = /i-(in^; 



and hence 



(5.4) 



In the matrix form these matrices have the form 

/co di w\ I Co 1 

L = 1 ci d2 , M = ci 11, (5.5) 

Vo 1 C2I vo 02/ 

If we introduce the following r-function form of the dependent variable 

4 = 1 + (lnTfe)« = (lnTfce5*')«, ^t; = -1 - (ln/)« = -(ln/e5*')«, (5.6) 



C2 = /2 + (ln^)t, (5.7) 
C3 = /3+(ln^)t 

2 

C12 = /l2-(ln;^)t, 

C23 - /23 + (ln^)t, (5.8) 
Ci3 = /i3-(ln^)t. 
To define the unkown functions we have the system 

(^2 + C?3)t = Ci24 + C23C^3, 

{d^-C2^d^f = 4wd2, (5.9) 
w — C13W = 0. 

Hence and from (5.6) and (5.8) we get 

(lnT2T3)ttt-[/i2-(ln:^)t](lnr2el*')«-[/23 + (ln^)t](lnr3e^*')« = 0, 
{(lnT3)«t-[/23 + (ln^)t](lne^*V3)«F + 4(lnT2e5*^')«(ln/e^*')« = 0, 
// - f + + ;£:e^-°+'- = 0. 



(5.10) 
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For simplicity we set = 0. Then the system (5.10) becomes 



r-2 



(lnT2T3)iti + {\n^U\nT^e¥% - (In ^)i(lnT3ei*')it = 
[(lnT3)t4i-(ln^)i(lne^*V3)«]' + 4(lnrfce5*')<i(ln/e5*')« = (5.11) 

f f - P + P + '4-/'-'' = 0. 

We expand the functions r„, / in a formal power series in an arbitrary parameter e 
as 

Expanding the l.h.s. of (5.11) in e and equating corresponding coefficients, we get 
the resulting equations for the functions f'^^^ Solving these equations we can 
construct an exast solutions of the underlying set of equations for the IDGTL. 

6 The IDGTL hierarchy 

First let us recall the main formulas of the usual TL hierarchy. The corresponding 
hierarchy is defined by 

dL 

— = [L,Bk], Sfe = (L'=)_, A; = 1,2,3,.... (6.1) 

The r-functions of the TL hierarchy obey the following equations 

[Dfc-/ifc(D)]r„+i-r„ = 0, A; = 2, 3, 4, ... . (6.2) 

Here 

oo 111 

ID,.- = J2 /^„(D)z^ D = (Di, -Ds, -D,, ...). (6.3) 

n=0 

It is interesting to note that the nonlinear Schrodinger equation (NLSE) is the second 
member of the TL hierarchy. In fact from (6.2) as A; = 2 and from (2.6) we get the 
following set of equations (see for example |13| ) 

(D, - Dl)r^^, . r„ = 0, ^^^^^ 

J^lTn ■ '^n — 2t„-|-1 ■ T„_i. 



This set is equivalent to the NLSE |13) 

i(Pt, + (pt,t, + = 0, (6.5) 

where 

= Tn+lT^^, 4> = Tn-ir~^, t2 > ^2- (6.6) 

The set (6.4) is the compatibility condition of the following set of linear equations 



Jn+iTn y ' ' \^(r„+ir„ )tj -r„_ir„+ir^ 

Note that in this case the matrix S = i/j'^a^i/j obeys the Heisenberg ferromagnetic 
equation 

2iSt, = [S,St,t,]- (6.8) 

Finally note that the IDGTL hierarchy has the same form as (6.1) but content the 
additional two equations. 
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7 Conclusion 



In the present Letter we considered one of integrable generalizations of TL. The 
corresponding Lax representation is presented. For the particular case = 3 the 
bihnear form (r-function form) is found that allows to construct exast solutions of 
the studied generalized Toda equation. 
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